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The purpose of this study is to estimate ablated crater
depth with sufficient numerical accuracy when multi-
shot channels of ultra-short pulsed laser are executed
for micro drilling processes on thin glass plates. In this
analytical model, the plasma model, in which the free
electron density and the complex dielectric function of
the Lorentz model are evaluated, is applied to estimate
the ablated regions and the regions damaged by laser
ablation when glass is considered to be a dielectric
material. The absorption coefficient and the thresh-
old fluence are important parameters in the evalua-
tion of the ablated crater depth and ablation rate. The
parameters obtained in this numerical analysis are in
agreement with the experimental results and are com-
puted quantitatively to several laser irradiation condi-
tions. The experimental results and analysis results
are examined for multi-shot channels. In an exper-
iment involving laser ablation using multi-shot laser
beams, ablation rates for the initial shot are lower than
subsequent ablation rates. The effectiveness of the
modified absorption coefficient and modified thresh-
old fluence for initial shots is confirmed for the reduc-
tion of ablation rate.
Keywords: ultra-short pulsed laser, laser ablation, micro
drilling, threshold fluence, absorption coefficient
1. Introduction
The spread of smart phone and tablet PCs has cre-
ated a need for a high-precision method of processing the
glass used for their display. The trend in the display in-
dustry is towards thinner and lighter devices. With the
ongoing development of laser technology, laser ablation
with ultra-short pulsed laser for glass cutting is increas-
ingly being recognized as a promising solution. This is
because the laser ablation process is superior as a laser
scribe and to contact cutting tool for drilling or gouging
processes on thin glass plates. The laser ablation process
using laser pulses ablates material and drills through glass
without subjecting the material to thermal or mechanical
stress. Because laser ablation is an ultra-high-speed phe-
nomenon, in situ measurement of the consecutive time
variation of the surface shape removed by each shot of
ultra-short pulsed laser is impossible. After using trial
and error in preliminary experiments, processing condi-
tions are decided. In this study, numerical simulations of
laser ablation are executed using ultra-short pulsed laser
for glass micro drilling.
2. Analytical Model
2.1. Electric Fields Distribution Formed by Laser
Beam Which Spreads to Inside of Transparent
Dielectrics
When glass is considered to be a dielectric material, it
is necessary to analyze its electric field by means of the
non-linear absorption of the pulsed laser beam in order
to estimate the distribution in time and space of the laser
beam intensity to propagate the material inside. The beam
propagation method is a numerical technique that is used
frequently when the distribution in time and space of laser
beam intensity is estimated.
First, the deviation of the paraxial Helmholtz equation
is necessary for the electric field analysis. The equation
showing the two-dimensional TE wave (transverse elec-
tric field) is the same as the two-dimensional scalar wave
equation, a partial differential equation of an elliptical
type. We assume that the electric field propagates in the z
direction and that the structural change to the propagation
direction of objects is smooth. The equation can become a
partial differential equation of a parabolic type by approx-
imating the electric field of TE mode Ey(x,z) by using
the product of the function exp(ik0n0z) rapidly changed
to wavelength order in the z direction, and the function
F(x,z) slowly changes to the z direction, as shown in
Eq. (1).
Ey(x,z) = F(x,z)exp(ik0n0z) . . . . . . . (1)
where k0 = 2π/λ , λ is the laser wavelength, n0 is the
refractive index of transparent dielectrics, and F(x,z) is
the envelope of the electric field inside of the target ma-
terials. Inserting Eq. (1) into the Helmholtz equation and
assuming slowly varying envelope approximation in the z
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where ε is the dielectric function. Eq. (2) is devel-
oped using the finite differential type of beam propagation
method, and the envelope of the electric field formed by
laser absorption is obtained.
Next, with non-linear absorption of laser beam inten-
sity induced by radiation of the ultra-short pulsed laser, it
is expected that the optical properties of materials change
in quality because sudden phase conversion from solid to
plasma occurs for the most part. As there are two complex
dielectric functions, the Drude model or Larentz model is
selected [1–5]. In this analysis, in order to express the in-
teraction of laser absorption and target materials, the clas-
sic Lorentz model for the bound electron is adapted to the
dielectric function. The complex dielectric function ε is















)2 + χ2ω2 . . (3)
where ω,me,e,ε0,ρB, and ω0 are the laser angular fre-
quency, the effective mass of a quasi-free electron, the
electron charge, the vacuum dielectric permittivity, the
bound electron density, and the frequency of the harmonic
oscillators, respectively. χ is the damping constant of the
harmonic oscillators, which means the energy loss in laser
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In Eq. (4), ρmax is the maximum free-electron density
within the pulse duration, β is a free parameter in the
model that can be selected to fit the ablated crater depth
in single-shot experiments and ρcrit is the critical electron
density. ρcrit = ω2meε0/e2 is generally used. χmax is fixed
once parameters ρB and ω0 are chosen: it is the value of
the damping for which the absorption coefficient is the
maximum. The absorption coefficient of target materials










The response of transparent dielectrics to the incident ra-
diation is determined by the complex dielectric function.
In addition, estimated formulas of the ablated crater depth
using the absorption coefficient are often used. The Beer-
Lambert law may be applied as an estimated formula
of ablated crater depth obtained in the experiment, and
the increment of ablated crater depth per shot within the
multi-shot of pulsed laser ha, hereinafter referred to as the
ablation rate is given by [6, 7].











where Fth,F0,Q,W0, and A are the threshold fluence, the
laser fluence, the laser energy, the beam waist of the half























Fig. 1. Experimental estimation of band-gap for Corning
non-strengthened gorilla glass.
and a constant which means an effective irradiated laser
beam area expressed by the beam waist, respectively.
2.2. Temporal Evolution of Free Electron Density
and Calculation of Threshold Fluence Using
Nonlinear Laser Absorption and Interaction
of Laser Beam and Material
Affected by the laser field, the electrons in the valence
band are excited to the conduction band by multi-photon
ionization (MPI) and then are heated to higher energy lev-
els to initialize cascade ionization by means of inverse
Bremsstrahlung absorption. Those ionizations act to in-
crement electron density while the decrement of electron
density will be described by radiations such as the recom-
bination and diffusion processes. The temporal evolution
of electron density ρ in the conduction band is calculated
using a rate equation of the generic form [8].
∂ ρ
∂ t
= σ I(t)k +ηcI(t)ρ −ηrecρ2 −ηdiffρ . . (7)
where the terms on the right side are the MPI rate, the
cascade ionization rate, and the recombination rate and
diffusion rate, respectively. σ ,ηc,ηrec and ηdiff in Eq. (7)
are given by references [1, 2, 8–10].
The influences of pulsed duration on the electron dy-
namics are elucidated by analyzing the temporal evolution
of free-electron density. For the ranges of laser energy
(from 45.0 μJ to 75.0 μJ) used in our laser ablation ex-
periments, the reasonable process of MPI confirmed the
estimate of the Keldysh parameter [8, 10–12]. MPI pa-
rameter k of laser intensity is k = 〈Eg/h̄ω + 1〉. Eg and h̄
are the band-gap of transparent materials and the reduced
Planck constant, respectively. The glass plates used in ex-
periments are Corning non-strengthened gorilla glass, and
their band-gap obtained from the measurement of trans-
mittance is about 5.0 eV, as shown in Fig. 1. Band-gap is
extrapolated from a tangent line at an inflection point of
transmittance that decreases sharply as the wavelength of
incident light shortens.
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Wave length 515 [nm]
Pulse duration t p 6.0 [ps]
Pulse repetition rate 10.0 [kHz]
Laser energy Q 45, 60, 75 [ J]
Beam waist W 0 7.75, 11.50, 15.75 [ m]
Bound electron density B 1.46 1023 [cm-3]
Frequency of
the harmonic oscillator 0
19.0 [fs-1]
Critical free electron





30, 40, 50 [fs-1]
Band gap E g 5.0 [eV]
Refractive index n 0 1.5
Speed of light c 2.99792458 108 [m/s]
Effective mass of a
quasi-free electron
m e 9.10938215 10-31 [kg]
Electron charge e 1.60217650 10-19 [C]
Vacuum dielectric
permittivity 0 8.85418782 10
-12 [F/m]
Reduced Plank constant 6.58264844 10-16 [eVs]
In Complex Dielectric Function
In Laser Intensity
In Rate Equation of Free Electron Density
Constant paramters
The time variation of laser intensity in this analysis
used the following version of the Gaussian profile for
pulse duration tp.
























where tp is defined as full-width half-maximum. The spa-
tial laser intensity in this analysis uses the following ver-
sion of the Gaussian profile for beam waist W0 as well.
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Fig. 2. Temporal evolution of free electron density during
the laser pulse at green wavelength for several pulse dura-
tions and time variation of the normalized laser intensity.
where W0 is defined as half-width half-maximum.
Through standardization with an electric field, the spatial
peak laser intensity I1 is given by I1 = cε0n(x,z) |F|2. The
modified refractive index (n(x,z)) which changed when
the ablated material is damaged is substituted into the
standardization formula mentioned above. The refrac-
tive index is calculated from the real part of the com-
plex dielectric function in Eq. (3) inside target material.
The interaction between the optical constant and absorbed
laser intensity is reflected after the second shot and subse-
quently in the multi-shot channels.
The parameters required for the numerical analysis and
experimental conditions of the ultra-short pulsed laser fre-
quency device are listed in Table 1. The pulse repetition
rate used in the micro drilling experiment was 10 kHz. It
was a sub-millisecond longer than that of the burst mode,
or a period of several nanoseconds. Refer to [2] for the pa-
rameters related to the temporal evolution of free electron
density.
Figure 2 shows the temporal evolution of the free elec-
tron density ρ and time variation of the normalized laser
intensity I(t)/I0 to three pulse durations tp = 0.1 ps,
6.0 ps, and 100.0 ps when laser energy Q is 60.0 μJ.
When the wavelength of incident radiation is 515 nm, crit-
ical free electron density is 4.20× 1021 cm−3. As shown
in Fig. 2, when the temporal laser intensity increases,
just before reaching peak value, free electron density ρ
reaches the maximum value, but ρ drops gradually while
temporal laser intensity falls to zero. Since the contri-
bution of the cascade ionization will become strong in
addition to multi-photon ionization if laser intensity ap-
proaches peak value, a high level is maintained for some
time. The effect of radiation attenuates electron density
over a much longer period of time than it does pulse du-
ration. The profiles of time evolution of electron density
for some pulse durations have shown a similar tendency.
Moreover, since peak values of laser intensity increase as
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Fig. 3. Estimation of the threshold fluence and damaged re-
gion under various combinations of pulse duration and laser
fluence.
short as pulse duration still remains constant laser energy,
maximum free electron density increases. If maximum
electron density ρmax exceeds ρcrit, ablation conditions are
fulfilled. Ablation can be started with less laser energy
when pulse duration is short.
Figure 3 shows the variation in the ablated region and
the damaged region for several combinations of pulse du-
ration and laser fluence. The range of laser fuluence F0
was 1.0 J/cm2 to 20.0 J/cm2, and the range of pulse dura-
tion tp was 0.1 ps to 10000 ps. Threshold fluence is the
value of the point at which plasma arises, or when max-
imum free electron density exceeds critical free electron
density and target materials are ablated. It is difficult to
evaluate the region damaged in the experiment. In this
analysis, maximum free electron density (ρmax cm−3) set
the damaged region as the region beyond 10% of critical
free electron density (ρcrit cm−3). The damage region be-
comes large, so the ratio for ρcrit becomes small, and the
ablation rate in subsequent laser pulses increases. When
the lower limit of damage threshold in first-shot is a value
of 10%, the ablation rate in subsequent shot almost con-
verges. Band-gap is 5.0 eV and wave length is 515 nm in
Fig. 3. When pulse duration became shorter than 100 ps,
the threshold fluence swerved from the line of t0.5p [13].
The damaged region narrowed rapidly as it approached
this pulse duration (100 ps), and it became almost con-
stant while pulse duration was shorter than 10 ps. This is
the reason why there is little damage, which is the advan-
tage of ablation processing using ultra-short pulsed laser.
Threshold fluence to the pulse duration 6 ps used for ex-
periments was computed using 3.78 J/cm2.
3. Results of Analytical
3.1. Laser Fluence Dependence of Absorption Co-
efficient in Multi-Shot Channels
Figure 4 shows the multi-shot ablation rate measure-








0 10 20 30 40 50 60 70 80













Beer-Lambert law( = 30 × 10 [Hz])
Analytical results ( = 30 × 10 [Hz])
Beer-Lambert law( = 40 × 10 [Hz])
Analytical results ( = 40 × 10 [Hz])
Beer-Lambert law( = 50 × 10 [Hz])
Analytical results ( = 50 × 10 [Hz])
Experimental results( = 11.50[μm])
Wave length   =515[nm]
Pulse duration=6.0[ps]
Fig. 4. The multi-shot ablation rate measurements of target
materials with the picosecond pulsed laser and the single-
shot ablation rate calculations of χmax related to the absorp-
tion coefficients.
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Fig. 5. Relationship between the absorption coefficient and
the laser fluence obtained from χmax = 30.0,40.0,50.0 fs−1.
and the single-shot ablation rate calculations of χmax re-
lated to absorption coefficients. Multi-shot ablation rates
obtained through experiments using picosecond pulsed
laser increased as laser energy increased, as shown by the
 symbols in Fig. 4. Since there was no information rel-
evant to the absorption coefficient of the target material,
it was the first issue in the numerical analysis to search
absorption coefficient which accorded with experimen-
tal results. The most influential parameter in calculating
an absorption coefficient is χmax, which is the maximum
damping constant included in Eq. (4). The variation in the
absorption coefficient to laser fluence for χmax is shown
in Fig. 5. In Fig. 5, with the increase in χmax, the con-
vergence value of absorption coefficient increased, and it
was unrelated to χmax. However, it reached the conver-
gence value immediately after exceeding the threshold of
influence (Fth =3.78 J/cm2). In Fig. 4, the ablation rates
obtained in the experimental results were held the abla-
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: 30 × 10 [Hz], = 3.78[J/cm2]
: 40 × 10 [Hz], = 3.78[J/cm2]
: 50 × 10 [Hz], = 3.78[J/cm2]
Experimental results ( =   7.75[μm])
Experimental results ( = 11.50[μm])
Experimental results ( = 15.75[μm])
Fig. 6. The multi-shot ablation rate measurements obtained
for several laser fluences with the picosecond pulsed laser
and the single-shot ablation rate calculations based on the
Beer-Lambert law.
tion rates obtained in the analysis results when χmax was
set to the range from 30.0 fs−1 to 50.0 fs−1. In addition to
the ablation rate obtained from our numerical model, the
ablation rates based on the Beer-Lambert law of Eq. (6)
are drawn as several different lines in Fig. 4. Analytical
results of ablation rates in our numerical model as indi-
cated with •, , and  symbols in Fig. 4, were in good
agreement with the results of the Beer-Lambert law us-
ing absorption coefficients corresponding to each χmax,
which should be modified depending on laser energy. It
was confirmed that numerical analysis in consideration of
the laser fluence dependence of the absorption coefficient
was necessary for an exact estimation of the ablation rate.
Figure 6 shows the variation in ablation rates with
different laser fluences. These were obtained as experi-
mental and analytical results when beam waists W0 were
7.75 μm, 11.50 μm, and 15.75 μm. The three lines in
Fig. 6 are the ablation rates calculated using the Beer-
Lambert law of Eq. (6), in which the absorption coeffi-
cients for χmax = 30.0 fs−1, 40.0 fs−1, 50.0 fs−1 were
used. The ablation rates of experiments increased with
increases in laser fluence; beam waists had no effect.
The following tendencies are seen in the ablation rates
in experiments. The ablation rates in experiments ap-
proached the ablation rate of χmax = 30.0 fs−1 at lower
laser fluences, and the rate approached the ablation rate of
χmax =50.0 fs−1 at higher laser fluences.
In order to estimate the ablated crater depth, numer-
ical analysis taking into consideration the increase in
the absorption coefficient accompanying the increase in
the laser fluence is required. According to Adela Ben-
Yakar [6, 7] and M. Lenzne [14], who conducted experi-
ments on the reduction of ablated crater depth accompa-
nying increases in laser fluence to multi-shot channels, in
comparison with ablation experiments in vacuums and in
air, reductions in ablated crater depth become remarkable
in air. The environmental factors, such as the air resis-
tance, and the chemical reaction in the air contact layer
of the glass surface are mentioned as possible causes.
The present analysis model cannot yet determine laser
fluence dependence on the absorption coefficient analyti-
cally. Also, improvements for coping with the effects that
environmental parameters have on ablation rates will be
necessary in the future.
3.2. Comparison of the Experimental Results and
Analytical Results of the Depth of Ablated
Crater in Multi-Shot Channels
The correlation of the Beer-Lambert law, which is the
law used in estimating the ablation rate, with our anal-
ysis model was confirmed. The Beer-Lambert law con-
sists of an absorption coefficient and threshold fluence.
Threshold fluence is the laser fluence when ablation oc-
curs, and is a value peculiar to materials. The thresh-
old fluence calculated by our analysis model (3.78 J/cm2)
accords with experimental results (external approxima-
tion: 3.69 J/cm2) to a considerable degree, and the former
can be applied enough for estimating threshold fluence as
the ablation threshold. Therefore, it is supposed that the
cause of the reduction in the ablation rate with the rise in
laser fluence is the absorption coefficient dependence on
laser fluence. The absorption coefficient that matches the
ablation rate obtained through experimentation using the
Beer-Lambert law is provided. The absorption coefficient








. . . . . . . (12)
The absorption coefficient obtained through experiments
with a picosecond-pulsed laser is defined as a continuous
function of laser fluence by using Eq. (12), and numeri-
cal analysis of any laser fluence is carried out effectively.
In unknowns α0 and α1 in Eq. (12), two values to show
through a least square approximation in Fig. 7 were pro-
vided. In the analytical model, it is necessary to set χmax
for an initial constant, and χmax, such as in Eq. (13), is
derived using the absorption coefficient in Eq. (12).





The subsequent analysis results are calculated using
Eq. (13).
Symbols •, , and  in Fig. 8 are experimental data
showing ablated crater depth obtained after multi- shots
up to five shots, when beam waists W0 are 7.75, 11.50,
15.75 μm. In this experiment, the focus position of the
ultra-short pulsed laser was fixed on the surface of the
sample to be processed. The experimental results showed
that the ablated crater depth after single-shot ablation was
shallower than that in multi-shot ablation. It is thought
that the ambient air and composition of the glass sur-
face layer are related. In looking for causes for the re-
duced ablated crater depth after single-shot ablation, we
focused on the rise in threshold fluence in the air contact
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Fig. 8. Variation of the depth of ablated crater to the number
of pulsed laser shots obtained by various beam waists.
layer of the glass surface. In order to correct threshold
fluence for single-shot, the Beer-Lambert law in Eq. (6)
is applied. Threshold fluences are computable by using
ablated crater depths obtained through experiments, laser
fluences used for experiments, and absorption coefficients
obtained through analysis. The modified threshold flu-
ences obtained for single-shot ablation were Fth = 8.40,
7.10, and 4.17 J/cm2 to Q = 60.0 μJ, and W0 = 7.75,
11.50, and 15.75 μm respectively. Those threshold flu-
ences are larger than threshold fluence 3.78 J/cm2 used in
multi-shot ablation. The rate of increase from threshold
fluence in multi-shot ablation increased between 1.1 times
to 2.2 times. The ratio with threshold fluences was so
large that W0 was small, and the reduction in ablated crater
depth became remarkable. The three lines in Fig. 8 repre-
sent the analytical results obtained by modified threshold
fluences in single-shot ablation and the original thresh-
old fluence in subsequent shots. All ablated crater depths


















Fig. 9. Variation in the crater shape formed for every num-
ber of pulsed laser shot up to 5 times, obtained using various
beam waists.
Fig. 10. The shape of ablated craters and the profile of ab-
lated craters on the a-a line.
the linearity of the ablation rate in the second shot and in
subsequent shots was accepted, but it was overestimated
when beam waist was large. The gap between the analyt-
ical and experimental results until the second shot is re-
markable when attention is paid to the ablated crater depth
of the beam waist: W0 = 11.50 μm. As this result, it is ex-
pected that the modification of threshold fluence is related
to not only the number of shots but also to the distance
from the surface of the sample. Since it is so efficient in
actual micro drilling processing that there are high abla-
tion rates, after taking into consideration the laser fluence
dependence of the absorption coefficient and the threshold
fluence in initial shots, we think that the smallest possible
beam waist and higher laser energies should be used.
The ablated crater shape is acquired in the analytical
model. The variation in the ablated crater shape up to five
shots is shown in Fig. 9 under the calculation conditions
presented in Table 1 for three beam waists, W0 = 7.75,
11.50 and 15.75 μm. The ablated crater depth shown in
Fig. 9 is a value of the deepest part directly under the peak
laser intensity of Fig. 8.
Figure 10 presents the measurements of ablated crater
shapes for up to three shots to Q = 60.0 [μJ], W0 = 7.75
[μm]. Fig. 10(a) is the shape of ablated craters and
Fig. 10(b) is the surface profile of ablated craters on the
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a-a line, as shown in Fig. 10(a). The surface profile after a
second shot became a cone, and analytical and experimen-
tal results were largely in agreement. On the other hand,
in single-shot, the crater took on a cone shape in experi-
mental results but the parabolic shape in analytical results
and a difference was found. However, the difference of
ablated crater shape in analytical and experimental results
was not particularly noticeable in the deep region more
than 0.5 μm.
4. Conclusion
The purpose of this study has been to estimate ab-
lated crater depth with sufficient numerical accuracy when
multi-shot channels of ultra-short pulsed laser are exe-
cuted for micro drilling processes on glass plates. In this
analytical model, the plasma model, in which the free
electron density is evaluated and the complex dielectric
function of the Lorentz model is applied to evaluate ab-
lated regions and regions damaged by laser ablation when
glass is considered as dielectric material.
The following conclusions were reached.
1) Threshold fluence, which was in good agreement with
experimental results, could be computed quantitatively
for several laser irradiation conditions.
2) Absorption coefficient depended on laser fluence. The
absorption coefficient increased as laser fluence rose.
It is suspected that the reduction in ablated crater depth
was caused by the increment of the absorption coeffi-
cient.
3) When absorption coefficients and threshold fluences
obtained from this analytical model were applied to
the Beer-Lambert law, ablation rates evaluated by the
Beer-Lambert law were in good agreement with those
evaluated using this analytical model over a wide
range of laser fluences.
4) In laser ablation experiments involving irradiation by
multi-shot laser beams, ablation rates for the initial
shots were lower than subsequent ablation rates. The
effectiveness of the modified absorption coefficient
and modified threshold fluence of the initial shots was
confirmed for the reduction of the ablation rate.
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